Counting characters in linear group actions 



by 

Thomas Michael Keller 
Department of Mathematics 
Texas State University 
601 University Drive 
San Marcos, TX 78666 
USA 

e-mail: keller@txstate.edu 



2000 Mathematics Subject Classification: 20C15. 



Abstract. Let G be a finite group and V he a finite G-niodule. We present 
upper bounds for the cardinalities of certain subsets of lYr{GV), such as tlie set of 
those X € Irr(Gy) such that, for a fixed v gV, the restriction of x to {v) is not a 
multiple of the regular character of {v). These results might be useful in attacking 
the non-coprime fc(Gy)-problem. 

1 Introduction 

Let G be a finite group and V he a finite G-module of characteristic p. If (|G|, \V\) = 1, then in 
[3, Theorem 2.2] R. Knorr presented a beautiful argument showing how to obtain strong upper 
bounds for k{GV) (the number of conjugacy classes of GV) by using only information on Cg{v) 
for a fixed v eV. Note that his result immediately implies the important special case that if G 
has a regular orbit on V (i.e., there is a v (^V with Cg{v) = 1), then k{GV) < \V\, which was a 
crucial result in the solution of the k{GV)-piohlem.. In this note we give a much shorter proof 
of this result (see Proposition 3.1 below). 

The main objective of the paper, however, is to modify and generalize Knorr's argument in 
various directions to include non-coprimc situations. This way we obtain a number of bounds 
on certain subsets of lii{GV), such as the following: 

Theorem A. Let G be a finite group and let V he a finite G-module of characteristic p. Let 
V eV and C = Cg{v) and suppose that (|C|, \V\) = 1. Then the number of irreducible characters 
whose restriction to {v) is not a multiple of the regular character of {v) is bounded above by 

k{C) 
i=l 

where the Ci are representatives of the conjugacy classes of C. 

Theorem B. Let G be a finite group and V be a finite G-module. Let g € G be of prime order 
not dividing \V\. Then the number of irreducible characters of GV whose restriction to A= (g) 
is not a multiple of the regular character of {g) is bounded above by 

\CG{g)\ n{CG{g),Cv{g)), 
where n{CG{g),Cv{g)) denotes the number of orbits of CG{g) on Cv{g)- 

Stronger versions and refinements of these results are proved in the paper. It is hoped that these 
results prove useful in solving the non-coprime A;(GF)-problem, as discussed, for instance, in 
[2] and [1]. Theorem A and B will be proved in Sections 3 and 4 below respectively. In Section 
2, we will generalize a recent result of P. Schmid [5, Theorem 2(a)] stating that in the situation 



2 



of the A;(GF)-problem, if G has a regular orbit on V, then k(GV) = \V\ can only hold if G is 
abelian. We prove 

Theorem C. Let G be a finite group and V a finite faithful G-module with {\G\,\V\) = 1. 
Suppose that G has a regular orbit on V. Then 

k{GV) < \V\ - \G\ + k{G). 

Our proof is different from the approach taken in [5], and we actually will prove a slightly 
stronger result including some non-coprime actions. 

Notation: If the group A acts on the set B, we write n{A, B) for the number of orbits of A on 
B. All other notation is standard or explained along the way. 



2 k(GV) = |V| and regular orbits 

In this paper we often work under the hypothesis of the /s(GF)-problem which is the following. 

2.1 Hypothesis. Let G be a finite group and let y be a finite faithful G-module such that 
(|G|,|y|) = 1. Write p for the characteristic of V. 



In [5, Theorem 2(a)] P. Schmid proved that under Hypothesis 2.1, if G has a regular orbit on V , 
V is irreducible, and k{GV) = then G is abelian, and from this it follows easily that either 
|G| = 1 and |y| = p, or G is cyclic of order \V\ — 1. The proof in [5] is somewhat technical. 
The goal of this section is to give a short proof of a generalization of Schmid's result based on a 
beautiful argument of Knorr [3] . We word it in such a way that we even do not need the coprime 
hypothesis, so that the result may even be useful to study the non-coprime A;(Gy)-problem. To 
do this, for any group X and x ^ X we introduce the set 

Irr(X, x) = {x € Irr(G)| x\(x) an integer multiple of the regular character of (a;)} 

and write 

k{X,x) = |Irr(X,x)|. 

2.2 Theorem. Let G be a finite group and let V be a finite G-module such that G possesses a 
regular orbit on V . Let v eV be a representative of such an orbit. Then 

k{GV,v) < \V\ - |G| + fc(G) 
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Proof. Let p be the characteristic if V. We proceed exactly as in Case (ii) of the proof of 
[3, Theorem 2.2]. Write C = Cg{v). As C = 1, we see that for A = (v) we trivially have that 
|C| and \A\ are coprime, and so that proof yields 

(1) {p-l)\V\= J2 (^'hr)A 

Telrr{GV) 

where rj is the character of A defined by 77 = plA — PA with pA being the regular character of 
A. Now for any r G Itv{GV) we have 

(2) {Tr),T)A = -^^T{a){p- pA{a))T{a) 

I I aeA 

_ ^ i^^^-jp J =0 if r|A is an integer multiple of pA 



l^aeA 



>p — I otherwise 



where the last step follows from [4, Corollary 4] . Next observe that if r € ln:(GV) with V < ker r , 
then r G Irr(G) and clearly t\a is not a multiple of pA, and then clearly 

(3) {tv,t)a= E |r(a)p= ^ r{lf = {p - l)ril)' . 

Ij^aeA lyiaeA 

Thus with (1), (2), and (3) we get 

{p-l)\V\ = i^V,r)A+ E (.rv,T)A 

relrr(G) t e Irr(Gy), 

y ^ ker T 

> E {p-lMif + {kiGV,v)-kiG))ip-l) 

relrr(G) 



which yields 



\V\> Yl r{l)'^ + k{GV,v) -k{G) = \G\+k{GV,v) -k{G). 

Telrr(G) 



This implies the assertion of the theorem, and we are done. O 

The following consequence implies Schmid's result [5, Theorem 2(a)]. 

2.3 Corollary. Assume Hypothesis 2.1 and that G has a regular orbit on V. Then 

k{GV) < \V\ - \G\ + k{G). 
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In particular, if k{GV) = \V\, then G is abelian. 

Proof. By Ito's theorem and as = 1, we know that x(l) divides |G| for every 

X e Irr(Gy), so in particular p does not divide x(l). Thus for any v G V* we see that 
x\(v) cannot be an integer muhiple of p^^^. Therefore k{GV,v) = k{GV). Now the assertion 
fohows from Theorem 2.2. O 



3 Bounds for k(GV) 

In this section we study more variations of Knorr's argument in [3, Theorem 2.2] and generahze 

it to some non-coprime situations. 

We begin, however, by looking at a classical application of it. An important and immediate 
consequence of Knorr's result is that if under Hypothesis 2.1 G has a regular orbit on V, then 
k{GV) < \V\. This important result can be obtained in the following shorter way. 

3.1 Proposition. Let G be a finite group and let F be a finite faithful G-module. Let v eV. 
Then 

k{GV,v) < \Cg{v)\\V\, 
in particular, if = 1 and G has a regular orbit on V, then k{GV) < \V\. 

Proof Put A= (v). If r G Irr(Gy, v), then by [4, Corollary 4] we know that ^(o)^ > 

With this and well-known character theory we get 

ip-l)kiGV,v) < k{GV,v) min I J2 
< E E \ria)f 

TGlrr(Gy) 



= E E ^(«)^(«) 

l^aGA TGlrr(Gy) 

= E \CGvia)\ 
= ^ \Cg{v)\\V\ 

= {p-1)\Cg{v)\\V\ 

This implies the first result. If {\G\, \V\) = 1, then by Ito's result t(1)||G| for all r G IrT{GV), so 
p cannot divide r(l), and thus k{GV, v) = k{GV), and the second result now follows by choosing 



5 



V to be in a regular orbit of G on O 

Now we turn to generalizing Knorr's argument. We discuss various ways to do so. 

3.2 Remark. Let G be a finite group and let y be a finite faithful G-module of characteristic 
p. Let u G F and put C = Cg{v) and A= (v). Let 



Irr(Gy, C, v) := Irro(Gy) := Irr(Gy) — {x £ Irr(Gy) | x\cx{v) = r x for a character r of C} 



ln:p'{GV) = {x G lrT{GV) \ p does not divide x(l)}, 
so that clearly lTip>{GV) C Irro(Gy). 

Note that if (|G|, = 1, then by Ito Irr(Gy) = Irrp/(Gy). 

To work towards our next result, we again proceed somewhat similarly as in [3, Theorem 2.2]. In 
the following we work under the hypothesis that (|G|,|y|) = 1. Let N = Ng{A). Then : G| 
divides p — 1. Moreover, from Knorr's proof we know that if Cj (i = 1, . . . , k{C)) with ci = 1 
are representatives of the conjugacy classes of C and aj (j = 1, . . . , -^r^) are representatives of 
the A'^-conjugacy classes of ^4 — 1 then, the CiUj are representatives of those conjugacy classes 
of GV which intersect C x {A — 1) nontrivially. 

Moreover recall from Knorr's proof that for c€G, 1 ^ a ^ A, g ^ G, u &V we know that 

{caf G G X A if and only ii g e N and u G Gy(c^). 

Now define a character ry on G x A by 77 = Ic x {pi a — Pa)- 
Then for c G G, a G A we have 



Therefore rj vanishes on all conjugacy classes of GV which intersect G x [A — 1) trivially, 
whereas for c G G, 1 7^ a G A we have that 



and 





1 



\CxA 



g&G 



1 



E E 



p\G\ 



geN ueCv{cs) 



1 



E \Cv{c')\P 



p\C\ 



geN 
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1^1 g€N 

= \N:C\\Cv{c)\. 

Thus if {i = 1,... , k{GV)) are representatives of the conjugacy classes of GV, then we get 

k{GV) k{C) W^U] 

i=l 1=1 j=l 

k{C) 

= E E I^^C-I \Cv{c^)\ 
i=l j=l 

P ^N:C\J2\Cv{<h)\ 



and thus 



k{C) 

{p-l)J2\Cv{cO\, 



k(C) k{GV) 

{p-l)Y.\Cv{c,)\ = Y.v''''ix,)= E irr,<''',r)GV 

1=1 i=l TelTT{GV) 

E i'^V,T-)cxA (1). 

TelTT{GV) 



Now if r G Irr(Gy), as in [3] write 



t\cxA = ^ TxxX (2) 

AGlrr(A) 



where tx is a character of C or r;^ = 0. 
Then as in [3] we see that 



{Tri,T)cxA = ^ ^, E r{ca)ri{ca)T{ca) 

a G A 

= 1^ E T{ca)T{ca) 

' ' CG C 

1 ^ a G A 

= E (("^^ ~ '^^^)' ("^-^ ~ (3) 
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where "<" is some arbitrary ordering on Irr(yl). 
Now if Tx — is a nonzero multiple of pc, then 

{rx-T^,rx-T^)c > \C\ (4) 

and thus 

{rv,T)cxA > \C\. 

Moreover, note that if r G Irro(Gy), then not all tx — can be equal to as otherwise from (2) 
we see that rlcxA would be equal to ta x pa for any A. So we can partition the set Irr(^) into 
two disjoint nonempty subsets Ai = {A G Irr(A) | tx = n} and A2 = {A G Irr(yl) | tx ^ n}, 
and thus as in [3] we see that |Ai| IA2I > p — 1, so there are at least p — 1 pairs A,/x G Irr(^) 
such that Tx — T/j, 0. Thus 

{rri, t)cxA > - 1 for aU r G Irro(Gy). (5) 

Therefore by (1) and (5) we get that 

k{C) 

{p-l)J2\Cv{ci)\= Yl irri,T)c><A> E (rr?,r)cxA >(p-l)|Irro(GF)| 

i=l Telrr(Gy) relrro(Gy) 

and thus 

k{C) 

|Irro(GF)| < ^ \Cv{ci)\. (6) 
1=1 

From now on we assume that C > 1. 

Now we repeat the arguments of this proof, but replace 77 by 

m = {\c\ic - pc) X {pU- pa), 

so for c G C and a G ^ we have 



mica) 



\C\p if c ^ 1 and a 7^ 1 
ifc=lora = l 



Now from the above we know that the CjOj (i = 2, . . . , k{C), j = 1, . . . , | ^~^ |) are representatives 
of those conjugacy classes which intersect {C — 1) x (A — 1) nontrivially. 

Clearly 77^^ vanishes on all conjugacy classes of GV which intersect [C — 1) x {A — 1) trivially, 
whereas for 1 7^ c G C, 1 7^ a G A, if (|C|, \ V\) = 1, we have that 

rif^'ica) = E m{{ca)n 

1^ gee 
uev 

1 



^1^1 geNuGCv{cB) 

= \m\cv{c)\. 
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Next we conclude that 



k{GV) k(C) KC) 

E ^^'''(^^) = E E = (p- 1)1^^1 E \cv{ci)\, 

1=1 i=2 j=l i=2 



and so as in (1) we see that 

fc(C) 

{p-l)\C\J2\Cv{ci)\= E irm,r)cxA (7). 

Now with (2) similarly as in [3] we see that 

(rr/i,r)cxA = ^ E T{ca)r]i{ca)T{ca) 

aeA 

E T{ca)T{ca) 

l^aeA 

= E E '^A(c)A(a) E 

1 ^ c e C AGlrr(A) Melrr(A) 

1 ^ a e A 

= E E ^A(c)r^(c) E Ka)f^{a) 

= (^'-l) E E rxic)^)- E E ^a(c)^ 

= P E E ^a(c)ta(c)- E E ^A(c)r/,(c) 

AGlrr(A) It^csC A,/ieIrr(A) It^cGC 

= E E (^a(c)-t^(c))(^-^) 
= E E \rx{c)-r^{c)f (8) 
for some arbitrary ordering < on Irr(A). 

Now recall that if r G Irro(Gy), then not all of the tx — r^^ can be 0. So choose A, G Irr(C) 
such that Tx — Tfj, ^ 0. If all the (/v, G Irr(^)) are integer multiples of pc then put Ai = 
{(p G Irr(yl) I = Tx} and A2 = {0 € Irr(^) | t^ / ta}, so Ai 7^ and A2 7^ and from 
< (|Ai| — 1)(|A2| — 1) wc clearly deduce that |Ai||A2| > p — 1, so there are at least p—1 pairs 
i^Pij 4^2) £ Irr(^) X Irr(yl) such that r^j — r^j is a nonzero multiple of pc- 
So next we assume that tx is not a multiple of pc- 
Then put 

Ti = {0 G Irr(A) | ta — is a multiple of pc} 
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and 

^2 = {4> ^ Irr(A) I T\ — T(j) is not a multiple of pc}- 

Clearly A G Ti, so Fi 7^ 0. If r2 = 0, then Irr(A) = Fi, and if we define Ai, A2 as in the 
previous argument, we see that there are at least {p — 1) pairs (01,02) G Irr(yl) x Irr(yl) such 
that r^^ — ^ nonzero multiple of pc- 

So now suppose r2 ^ 0. Then jFil + |r2| = ]?, and if G Fi and 02 G r2, then r<^^ — t^^ = 
{t4>i — Tx) + {tx — Tff,^) clearly is not a multiple of pc, and by the same argument as Tiscd before 
we see that |Fi||F2| > j5 — 1, so there are at least {p — 1) pairs (0i,02) G Irr(yl) x Irr(yl) such 
that — is not a multiple of pc- 

Altogether we thus have shown that for any r G Irro(Gy) one of the following holds: 

(A) There are at least {p — 1) pairs (0i,02) £ Irr(^) x Irr(^) such that 

Tcpi ~ T4>2 is ^ nonzero multiple of pc, or 

(B) there are at least {p — 1) pairs (0i,02) G Irr(^) x Irr(^) such that 

T^i ~ '''(t>2 is ^ multiple of pc- 

Now it remains to consider two cases: 
Case 1: At least half of the r G Irro(Gy) satisfy (A). 

Then for any of these r by (3) and (4) we have 

{rrj, t)cxA = X] ((^A - Tf,), {tx - t^))c 

and so by (1) we see that 

k(C) 

(p-l)Y,\Cv{ci)\> E {rri,r)c><A>^ 

i=l Telrro(GV) 

which implies 

fe(C) 

|Irro(GF)| < rp^ E \Cv{c^)\ 
1^1 1=1 

Case 2: At least half of the r G Irro(Gy) satisfy (B). 

Then for any of these r by (8) and [4, Corollary 4] we have 

{rVi,r)cxA>{p-imC)-l). 

Thus by (7) we have that 

k{C) 

{p-l)\C\ E \Cv{ci)\ > E irVi,r)cxA > -|Irro(GF)|(p - 1) • {k{C) - 1) 

i=2 TelTTo{GV) 



>{p-^)\c\ 

\lv,o{GV)\ip-l)\C\ 
(9). 



10 



whence 

|Irro(Gy)| < ^^^^^ J2 \Cv{<h)\ (10). 

Now we drop the assumption (|C|, |y|) = 1 and work towards a general bound for |Irro(Gy)|. 
For this, H^go gC such that go is of prime order q and put Co = (go) and A^o = ^ciCo)- TriviaUy 
there are at most |Co|(p — 1) = q{p — 1) conjugacy classes of GV that intersect Co x {A — 1) 
nontrivially, and given It^cGCq, ly^aG^, we see that for g £ G, u E V 

(ca)^" = c3[c'^,u]a'^ € Co x A first implies G Co, i.e., g G A^q, 

and for each fixed g e Nq, the equation [c^,u]a^ G A implies [c^,u] G Aa~^ which has at most 
\Cvic3)\ \Ag~'^\ =p\Cvigo)\ solutions u. 
Moreover, if c = 1, then 

(ca)^" = a^"" = imphes g € Ng{A) = N and ueV. 

Now we define the character r/2 on Co x yl by 772 = Ico ^ {p^A — Pa)- Thus r]2^ vanishes on all 
conjugacy classes of GV which intersect Cq x (^ — 1) trivially, whereas for 1 ^ c G Co, 1 / a G ^ 
we get 



geG 

< - E p\Cv{go)\p 
= -^\No\\Cv{g^)l 



and for c = 1, 1 7^ a G ^ we get 



r/2^^(ca) = 772^^ (a) = - ^ l^b = Vl|V^I- 



Thus if (i = 1, . . . , A;(Gy)) are representatives of the conjugacy classes of GV , then 

k(GV) 

E <ip- l)-my\ + - lANo\\Cv{go)\ 

i=l ^ ^ 



and as in (1) we see that 



k{GV) 

^rii'i^{xi)= E (^^2,r)coxA- 

1=1 relrr(Gy) 
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Now arguing as in (2), (3), (5) and (6) above will yield 

\lTVp,{GV)\<k{GV,v) < \lii{GV,Co,v)\ < l(|iV||^| + _ i);p|iVo||Cy((7o)|), 

where lrr{GV,Co,v) is as defined at the beginning of Remark 3.2. Putting the main results 
together, altogether we have proved the following: 

3.3 Theorem. Let G be a finite group and let V be a finite faithful G-module of characteristic 
p. Let V and put C = Cg{v). If Ci (i = 1, . . . ,k{C)) are representatives of the conjugacy 
classes of C, then the following hold: 

(a)If{\G\,\V\) = l, then 

k(C) 

|Irro(GF)| < E \Cv{ci)\ 

i=l 



and if G > 1, then 



2 ^^'^^ 2\C\ ^^^^ 



\IMGV)\ < max |— E \Cvic^)\, ^^^y^ E \Cvic^) 

(b) If{\Gl\V\) = l, then 

Irro(Gy) = Irr(G), so k(GV) = |Irro(Gy)| 
and the bounds in (a) hold true for k{GV) instead of |Irro(Gy)|. 

(c) In general, if g £ C such that o{g) = q is a prime, then 

\lvTpiGV)\<k{GV,v) < -{\NG{{v))\\V\ + {q-l)p\NG{{gmCv{g)\). 



4 The dual approach 

In the previous section, we always fixed v eV and obtained bounds on the size of suitable subsets 
of Irr(GT^) in terms of properties of the action of Cg{v) on V. In this section we consider a 

"dual" approach: 

We fix (7 G G and find bounds in terms of the action of CG{g) on Cv{g)- For this, put 
h:ig{GV) = {x S Irr(G) | x\{g)xCv{.g) cannot be written as p^^^ xip for a character if) of Gv{g)}- 
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In particular, lrr{GV,g) C lTrg{GV). 



4.1 Theorem. Let G be a finite group and V be a finite G-module. Let g E G such that 
{o{g), \V\) = 1. Write A = {g), N = Ng{A) and C = Cv{g). Then 

(a) \lTT,{GV)\ < ^"^^i^|l"ig.f^^'''^ mB^^^aeA{\NG{{amCv{a)\) 

(b) if g is of prime order, then 

|Irr,(Gy)| < \CGiA)\n{CG{A),C) 

(c) there are X,Y C. Iri g{GV) such that h:ig{GV) is a disjoint union of X and Y and 

^ {n{N,A)-l)n{CG{A),C) fiM (/ wwn ( \\\ w 
1^1 < i\A\-l)\C\^ max^(|iVG((a))||Cv^(a)|) and 

(n(N,A)-l)(n(CG(A),C)-l) , 
^ (|^|-1)K^| \ ^^%i\^oi{amCyia)\) 

(d) if g is of prime order and X,Y are as in (c), then 

\X\ < \^oiA)HCa{A).C) ^ \Ca(mn(Ca(A),C) - 1) 



Proof. If ai,a2 € A and ci,C2 € C — {1}, then it is straightforward to see that (ai,ci)*^^ = 
(02,02)^^ imphes that af = a2 ■ Hence if T is a set of representatives of the orbits of N on 
A — {1}, then every conjugacy class of GV that intersects nontrivially with {A — {1}) x C has a 
representative ac for some a £ T and some c £ C. Moreover, for each a € T wc have that if C3, 
C4 G C are Cg (^)-conjugate, then acs and ac4 are CG(74)-conjugate and thus (acs)'^ = (ac^)'^. 
This shows that for each a eT there are at most n{CG{A),C) conjugacy classes of GV inter- 
secting nontrivially with {a} x C. Hence altogether we see that there are at most 

\T\niCGiA), C) = (n(iV, A) l)n{CG{A), C) (1) 

conjugacy classes of GV which intersect {A — {1}) x C nontrivially. 
Moreover observe that for 1 a € A, c € C, h € G and u G V we have 

(ac)'*" G A X C if and only if ^ G NG{{a)), c'* G C and u G Gv{a) 

because the condition (ac)'*" = a^[a^,u]c^ E Ax G first forces a'* G A which implies (as A is 

cyclic) a'* e {a), so h e NGi{a)), and then as c G C < (7v'((a)), it follows that c'* G Cv{{a)) 
and [a^,u] G [(a),F]. Now as by our hypothesis we have V = Gv{{a)) x [(a),y], we see that 
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(ac)''" e Ax C now forces [a'^, u] = 1 and c'^ G C. Hence u G Cv'(a'') = Cy(a). 

Note that the direct product ^ x C is a subgroup of GV. We now define a generahzed character 

?7 on ^4 X C by 

77 = {\A\ ■ 1a - pa) X Ic 
where pA is the regular character of A. So for a G ^, c G C we have 



ri{ac) 



0, a = 1 
\A\, aj^l 



Therefore i]'^^ vanishes on all conjugacy classes of GV which intersect (^ — {l})xC trivially, 
whereas for c G C and 1 7^ a G vl we have 



l^""^! heG 



with eC 

' " ' heNaiia)) ueCvia) 
with c'^ gC 

\Cvia)\ V- |.| 

with eC 

^ |jVG((a))||C^(a)| 
\C\ 

Thus if {xj I f = 1, . . . , k{GV)} is a set of representatives for the conjugacy classes of GV, then 
by (1) and (2) we see that 

kiGV) 

{n{N,A)-l)n{CG{A),C)-—m^^{\NG{{amCv{a)\) > E v'^'^i^i) 



E (-^^^-) 



GV 



TGlrr(GV') 

E ('r^>'r)AxC (3). 



relrr(Gy) 

Observe that in case that A is of prime order, then 

\A\-1 {\A\-1)\Cg{A)\ 



n{N, A) - 1 



\N : CGiA)\ \N\ 
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and max (|A^G((a))||Cy = |-^||C|, so that (3) becomes 

\CG{A)\{\A\-l)n{CG{A),C)> ^ (Tr?,rUxC (3a) 

relrr(Gy) 

Since A x C is a direct product, we can write 

Aelrr(C) 

where t\ is a character of A or t;^ = 0. Then 

(r?7,T)AxC = 1^ ^ ^1 1] r(ac)r?(oc)T(ac) 

ce c 

^ E T(ac)|A|^^ 



^ a e A 

c e C 

= 1^ T-A(a)A(c) E r^(a)M(c) 

' ' l^oeA AGlrr(C) /iGlrr(C) 

ce c 

= Z Z 7-A(a)r^(a)-^^A(c)//(c) 
= Z Z T-A(a)r^(a)(A,/x)c 

iT^aeA A,/ieIrr(C) 

As (A, n)c = i n' ^ ^ ^ ' "^^ further obtain 

{rri,T)AxC = Z Z T-A(a)TA(a) 

iT^aeA Aelrr(C) 

= E E I^A(a)P (4) 

Aelrr(C) ly^aeA 

Now observe that r(l) = X] ''"a(I)- 

Aelrr(C) 

If all the T\ are multiples of pA, then clearly ri ^ Irrp(GF), and so if r G Irrg(GF), then by [4, 
Corollary 4] with (4) we see that 

{tv,t)axC>\A\-1 (5) 

So (3) and (5) yield 

|In,(GV')| < '"'"""(i'^.'ijg;'-''''" m^^{|A'c((a))||C.(«)l), W 
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and if g is of prime order, then (3a) and (5) yield 

\Irrg(GV)\ < \CG{A)\n{CG{A),C). (6a) 
Now as in Section 3, we now repeat the same arguments, but use 

m = i\A\lA - pa) X {\C\lc - pc) 

instead of rj. 

One can then easily check that 

(n(iV,A)-l)(n(CG(^),C)-l).i- inax (|iVG((a))||Cv(a)|)> ^ (T77i,r)^xC (36) 

l^^l '^"^^ relrr(GV) 

and if g is of prime order, then 

\CG{A)\{\A\-l){n{CG{A),C)-l)> ^ {rvi,T)AxC (3c) 

relrr(GV) 

Moreover it is easily seen that 



{Trii,T)AxC = T{ac)T{ac) 



1 ^ a G A 



Yl Yl '^A(a)r^(a) ^ A(c)/x(c), 

l^aeA A,MeIrr(C) l^ceC 



-1, iiX^p 



and as X) A(c)/x(c) = < , ^ -f \ _ i it follows that 



(rr?i,r)yixC = X! H |T"A(a) - r^(a)p (7) 
where "<" is an arbitrary ordering on Irr(C). 

Next suppose that there are exactly a characters r G Iii g{GV) such that there is a character 
^ of y4 (depending on r) and there are € 2 (A G Irr(C)) such that tx = ^p + clxPa for all 
A G Irr(C) and is not a multiple of pA- Then by (4) and [4, Corollary 4] we know that 

{rv,r)A.C= E E l^(a)|'>|q(|^|-l) 

Aelrr(C) iT^aeA 

and hence by (3) we get 

(n(N,A) -l)n(CG(A),C) ^^M^ . 

" - (|A|-1)|CP \ max^(|iVG((Q))||Cy(a)|), (8) 
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and if g is of prime order, then by (3a) even 

\CG{A)\n{CG{A),C) 
a < i^^i [pa) 

Now let h be the number of r G \TTg{GV) such that there is no such if). 
Then there exist A, /x G Irr(C) with 

Ma)-r^(a)|VO, 

and thus by [4, Corollary 4] we have 

(rr/i,T)>|A|-l (9) 

So (3b) and (9) yield 

, iniN,A)-l)(niCG{A),C)-l) ^m,^/mx / x 

h < |C|(|i| - 1) m^^(|iVc((a))||C.(a)|) (10) 

and, if g is of prime order, then by (3c) 

b<\CGiA)\in{CGiA),C)-l), (106) 
and clearly a + b = \lTTg{GV)\, and hence all the assertions follow and we are done. O 
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